REARRANGEMENTS OF SERIES OF FUNCTIONS

BY
VLADIMIR DROBOT

1. Introduction and the statement of the main result. It is well known [3, p. 301]
that a conditionally convergent series of real numbers can be rearranged in such
a way so as to converge to any preassigned value. Suppose now we have a series
of functions

0

m D xt), 0=tsl

n=1
In this paper we shall be concerned with the studies of rearrangements of such
series, the convergence being that of Ly(0, 1). The work is motivated by the paper
of E. Steinitz [4], who considered the rearrangements of conditionally: convergent
series of vectors in the finite dimensional Euclidean spaces. We are going to prove
the following result:

THEOREM 1. Suppose x,(t) is a sequence of real valued functions, belonging to
the real space Ly(0, 1). Suppose also that:

(a) the series (1) converges in norm to some x € L,

(®) 3 [[xa] = +oo,

© 2 |xa]|*<co,

(d) the linear subspace M={y € L, : 3 |(x,, ¥)| <00} is closed ((a, b) is the real
inner product of a and b).

Then there exists a closed linear subspace N and a function x, € L, such that:

I. any rearrangement of (1), which converges in norm, must have the limit of the
form xo+z, where z€ N

II. for any z € N, there exists a rearrangement of (1), which converges in norm
to xo+z.

In fact N=M"*'ie., NO M=L,.

2. Proof of Theorem 1. First we need several lemmas.

LemMA 1. Let xy, ..., X,,1 be n+1 linearly dependent elements in L, and let

X =X+ +op 1 X1, 0o =1

Then we can express x as

IA
IIA
—

X =yiX1+ - +Vnse1Xns1s 0=y

and at least one y;=0 or 1.
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Proof. This Lemma is proved in [4, p. 167] for the case when x; € R" and the
proof carries verbatim to the present situation.
LEMMA 2. Let x,, X5, . .., X, € Ly and let

X = A1x1+‘ . --l—)\,,x,,, 0 é Al 1.

IA

Then there exists a vector x' € L, of the form
x, = 81x1+82x2+ A +3nx,,, 81 = 0 or 1
such that |x—x"|2< x|+ - - - + | x,]%

Proof. We proceed by induction on n. The case n=1 is clear since |A,|=<1.
Suppose then the lemma is true for any n vectors in L, and let

(2) X = A1x1+"'+)‘nxn+’\n+1xn+1’ 0= )‘{ =L
We may write X,,1=Vn41+2n11, Where y, .1 €8p{X1,..., X} and (2,1, X;)=0,
i=1,2,...,n. Clearly :
(3) ||xn+1"2 = “yn+1"2+ "Zn+1"29
O] X=Ai1Zpgr = AXa+ - FAX+ A Yne, 0SS A S
and the vectors xy,..., X,, Yn;1 are linearly dependent. Using Lemma 1 we can
write (4) as
® X—AiiZne1 = Y1X1t o HVaXntVns1Vnr1s 0=y =1
and at least one y;,=0 or 1.

We divide the remaining proof into several cases.

Case 1. iy=n+1, y,,,=0. By the inductive hypothesis there exists a vector
x'=8;x,+ - +8,x,, 8,=0 or 1, such that
(6) "x_An+1.Zn+1_x'“2 S xaf®4 -+ fxaf
Since x=(x—A,41Zp+1)+Antr1Zn41 and z,,, is orthogonal to x—A,,1z,.,
(equation 5 and the conditions of this case) and x’, we get from (6) and (3)

Ix—=xI2 = x=Ans1Zar =% [+ [AnssP|znsal® S |22l + - + 2222

Case 2. i;<n+1 and y;,=0. We may assume without the loss of generality that
ip=1. By the inductive hypothesis there is a vector x"=8,x3+ - +8,,1Vns1
8;=0 or 1, such that
Q] 1% = A4 1znea=%"|  [xal®+ -« + | %a]®+ | Pns o]
Let x'=x"4+08,,1Zy41=0sXs+ -+ +8,,1X,,1. Since z,,, is orthogonal to x;, x,
e ey Xpy Vna1, and |A, 41— 8,4,] £1 we obtain from (7) and (3)

"x—'x' "2 = "x— Ms1Zap1— X" +Ans1— 814 1)Zn4 1|
= "x_An+lzn+1_x”"2+ |)‘n+1"Sn+1|2"2n"2
S [xalP+lxel+ - -+ 1%l + a2+ 2o ]2

Since the last 2 terms add up to |x,,;[? we get the result.
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Case 3. ip=n+1, y,,,=1. Here
®) X=Api1Zns1 = Y1X1t FVnr1Xnt Va1
Let x"=8,x,+ - +8,x,, 6,=0 or 1, be such that
® [%= At 1Zasr=Pn=%"|% £ %22+ - + [ x|
and put X' =x"+Xp,1=Xp41+Var1+2Zp41. Since |A4;—1|=1 and z | x,...,
Xn» Vs 1, We get from (9) and (8)
x—x"|? = "x_)‘n+1zu+1")’n+1“x”‘l'()‘nn_l)an"2
= ¥ =i 1Zns1=Yne1 = X" |2+ | A 1= 1% 2041 ]|
S [xaf+ -+ [xnea]®

Case 4. i<n+1. Here again we assume that i,=1 and consequently y; =1. We
write now

X—Aps1Zag1— X1 = YaXat  FYnXa+Vni1Vns1-
Let x"=8x5+ - - +8,X,+ 8,4 1Vns+1, 6;=0 or 1, be such that
(10) [%=Ans1Znsr =% =" S [X%a]24 - - + [ yasa]®
Put

X =X +X" +8, 1241 = X1+ 83X+ - -+ 8y 1 X011
Noting again that z,,; | X1, ..., Yas1s [Ans1—Onysa| 1 we get
[x=x"|12 = [|x—Ans1Zns1= X1 = X"+ Ay 1= 8n 4 1)Zns1|?
S Dxall®+ - 1 pneslP+ [ Aas = 8nrallzasall® £ Ixal®+ - - - + xnsa]®

This proves Lemma 2.

LEMMA 3. Let X={x,} be a sequence of elements of L,. Let

PX)={x;, + Xy -+ +xy, ¢ Iy <iz< -+ <i},

Q(X)=co P(X) (convex hull of P(X)).

RX)={y1x;,+ - +yiXy, 1 0S92 1, iy <ip< - -+ <iyh
Then Q(X)<R(X).

Proof. It is enough to show that R(X) is convex, since R(X)>P(X). Let now
¥, 2 € R(X). We may assume

Y = yiXi,+yaXig+ - H vk, z = 81Xy, +8aXy,+ - - - + 8y,

by inserting the terms 0-x; if necessary.
Let now 0=SA<1. We have

W+(1-2z) = ; Dy, + (1= N8,]x,

and since 0= Ay, +(1—2)8,=A+(1—2)=1 we get the result.
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LeEMMA 4. Let N be a closed linear subspace of L, and let B be a convex subset of
N. Suppose that for any x € N and any T >0, there exist elements b, and b, in B so
that (x, b)) < —T and (x, b;)=T. Then B is dense in N. (We recall that our L, is
a real space.)

Proof. Consider N as a Hilbert space and suppose the closure of B is different
from N. Let K={xe N : | x—x,| <r}<N\B, for some x, € N and r>0. Since K
and B are convex and K has an interior point (in the relative topology of N),
there exists a continuous linear functional x’ such that x'(x)<c=<x'(y), for all
x € B, y e K for some constant c. (See [2, p. 412].) By the Riesz representation
theorem for the Hilbert spaces, x'(x)=(x, x") for some x’ € N. But this implies
that (x, x") < ¢ for all x € B, which contradicts the hypothesis of the theorem.

LEMMA 5. Suppose x,€ Ly, ||x||S M, i=1,2,...,n. Let
1 X1+x+ - +x, = a.
Then we can rearrange the order of x;’s, say into {x1, X3, . . ., Xz}, such that

(12) [xr+xa+- - +x[ 2 [xu)®+ - + |2+ al(la] +2M), p = 1,2,..., n.

Proof. First assume that a=0 and call the right hand side of (12) K. We proceed
to rearrange x, ..., X, as follows. Let xj=x,. Clearly |x}|2< K. On account of
(11) we have 3 (x3, x;)=(x3, 0)=0 and the first term of the sum is equal to || x||2=0.
Hence for some x; among X, . . ., X, we must have (x], x3) <0. From this it follows
that

Ix1+x3l® = |xll®+2(x, x2)+ %2 = |x1)%+ [ x2]® = K.

Consider next 3, (x] + x5, X;)=(x} + x3, 0)=0. The first 2 terms add up to ||x] +x3|2
2 0; hence for some x; among x’s different from x3, x; we must have (x; + x3, x3)
=<0. So

%1+ x5+ x3]2 = [|x3+x2]2 4+ 2(x1 +x3, x3) + || x3]% £ K.

Continuing in this fashion we get the result.
Suppose now a#0. Then > (x;—n~'a)=0; so we can order x,’s in such a way
that

S(m-ta)f s 3n-ga] s 3 (b2 bl ol +5 1al?)
4 1 n = . i n = - i n 1 nz
< @+ aDla] + 3 |l QED.

We are now ready to prove Theorem 1. Let X={x, : n=1, 2, ...} be the sequence
of functions satisfying the conditions a—d. Each x, can be written as x,=y,+z,,
Yo €M, z,€ M*=N. It is clear that if {x,} is a rearrangement of X, then } x,
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converges in L, if and only if 3 y; and Y z, converge in L,. We shall show first that
> y» converges for any rearrangements of y’s. For any y € M we have

(13) 210w =2, G 2| < 0.

Hence > (y,, y) converges absolutely, so every rearrangement of > (y,, y) will
converge to the same limit, say W(y). This shows that > y, converges weakly,
and for every y € M, every subseries of > (y,, y) will also converge. This implies
[1, p. 60] that every subseries of > y, will converge, which in turn implies [1, p. 59
(1-b)] that every rearrangement of > y, converges in norm. The strong limit of
> y, must be equal to the weak limit of > y,. The weak limit of > y, is the same
for every rearrangement, hence the strong limit must be independent of the re-
arrangement. This shows that 3 y, converges unconditionally in norm, i.e. for
every rearrangement it converges in norm to the same limit, say x,. This proves the
first part of the theorem, since if a rearrangement of 3 x, converges in norm then
the limit must be of the form x,+ >, z, where > z, e N=M*.

What remains to be shown is that for every w € N there exists a rearrangement
of 3 z, which converges in norm to w. We introduce the following notation.

Let W={w, : i=1, 2,...} be an arbitrary sequence of elements in N. Put

P(W)y={w,+wi,+ - +w, 1 1<iz<-:: <ig},

Q(W)=co P(W) (convex hull of P(W)),

RW)={ywi,+ - +yuw, 1 0SpyS1, i <ig<--- <iy
Denote the elements of P(W) by p. If p=w; +w;,+ - - - +w,,, denote by W—p the
sequence {w; : i#i,, iy, . . ., i;}. Put now W to be the sequence {z; : i=1,2,...}.

Let ze N, z#0. Then

(14 DXCEA
(15) Z |z, z,)| = Z |(z, x,)| = 400 since z ¢ M.

Hence for any z#0, z € N, and any T>0, there exist p,, p, in P(W) such that
(z,p) 2T and (z, p,) < —T. Lemma 4 shows then that Q(W) is dense in N. Since
R(W)> Q(W) (Lemma 3), R(W) is also dense in N. It follows then that the set
z+R(W)={z+r : re R(W)} is also dense for every z € N. The equations (14) and
(15) also show that the sets Q(W—p) and z+ R(W —p) are dense for every p € P(W)
and z € N. Hence we have shown

(A) for every w e N, z € N, p € P(W) and every ¢> 0 there exists r € z+ R(W—p)
so that

(16) lw=r| < e.

= IZ (z, x,.)! < oo  since Z X, converges

Choose w € N. We shall now construct a rearrangement of > z, which converges
to w. Let

a7 & d0, AR =D |z]* and B, =sup{|z| :n 2 k.
k
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By the hypothesis of the theorem A4, | 0, B, | 0. We shall define a sequence of
elements w, e N as follows. Let p,=z;. Choose ¢, € p;+ R(z—p;) such that
q1=2,+u;, u; € R(W—p,) and so that

(18) [w=p1—us| < e
This is possible by (A). We have
u1=‘y12{1’+’"‘+'y_12§l, Oé)’tél, 1<i1 <"'<ij.

Using Lemma 2 we can find #;, =8,z + - - - +8;z,,, §,=0 or 1, such that

5
(19) lus =22 < D |z, |12 < 42
1

Let wy =z, +t, € P(W). Clearly from (18), (19) we have
(20) lw=wil = lw—zi—w|+|u—t:] £ es+4,.

We now put p, as the first z not used as a summand in w;. Choose qs €Eps+
R(W—w, —p,) such that g, =p,+u,, u; € R(W—(p,+w,)) and

[w—wy—pa—us| £ e,

Using Lemma 2 we choose t;, € P(W—(p;+w;)) so that
lua—ta2 < D |22 = 43,
2
Let wo=p,+1t, € P(W—w,). We get again

[w—wi—wa| < [Ww—wi—py—us|| + |uz—ta]| < e+ Ao.

Inductively it goes as follows. Suppose w;, Ws,..., w, are already defined and
satisfy

@D [w—wi+ - +wo)| £ ext Ay,
(22) WkEP(W—(W1+“'+Wk_1)), k= 1,2,...,71,
(23) zy,zs,..., 2z, are included as summands in wy, +wy+---+w,, k= 1,2,...,n.

Choose p,,; to be the z with the smallest subscript not included in the sum
Wit e+ W,

Let dn+1 GPn+1+R(W—'(Pn+1+W1+ U +W,,)) be such that qn+1=pn+1+un+1
€ RW—(pns1+ -+ +wy)) and
(24) Ilw_(w1+"'+wn+pn+1+un+1)" é Ent1.

This is possible by (A). Using Lemma 2 choose t,,,; € P(W—(wy+ «+ - +Wp+ P 1))
so that

@
25 [4ns1—tnsa|? = Z [z = 43,
n+1l
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Put w,,1=pns1+tsr1 € P(W—(wi+ - - +w,)). We have from (24), (25)
(26) [Ww—(wi+ - +wnp )| £ enpr1+A4nsr.

Clearly wy, wy, . .., w,, satisfy (21), (22), (23). Thus the sequence w, is defined,
every z; is included as a summand and in exactly one w, and

n

W"ESMQ

1

27 < eyt A,

This shows that > w, defines a rearrangement of > z,, say > z, such that

(28) Wn=2zp+ 24,1
and
in+1-—-1
(29) "w— zi | £ e+ A,.
1

Now we rearrange each of the sums w, in such a way that the resulting rearrange-
ment > z; will converge to w. Let

Wa = Zhtoo izl NS <iy<-or<ip

Using Lemma 5 we can rearrange zj;s in such a way that

(30 Wy = zj,+ - +2zj,
gy VTS S L L Dl +28)
< A2+ |wa|(Jwal +2B), p=1,2,...,k

Since

[Wall S [W—(Wi+- - +wa_ )|+ W=+ +w,)|

SepatAnatet+A, =d,

we have
(32) lz5,+ - - - +z}p||2 < A%+d,(d,+B,), p=12 ...,k

Let now  z; be the resulting rearrangement. Let N be a positive integer and choose
n=n(N) such that

' f .
Wpy1 = Z{1+Z;1+1+ e +z:k’ % -S- N é I
Then
N
’
|w—£§:m
(33)

1

n

w3 m

1
< e+ A, +[A2+d,(d,+ B,)]M2

=

+ |zt + - - +zy]

It is clear that n(N) — o0 as N — oo; so the right hand side of (33) tends to 0 as
N — co. This completes the proof of Theorem 1.
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3. Examples.

1. M={y : 3 |(x ¥)| <o} need not be closed, even if the conditions a—c of
Theorem 1 hold.

Let {e, : n=1, 2, ...} be an orthonormal basis of L,. Put

h=[m+2log(r+2)]™  x, = (-1 teat - +ey)

(34) © © ©
X = Z (=1)* e = z ey,
i=1 =i i=1
It follows that
(35 | %:]|2 = ni2 < [n(log n)?]~*

$0 3. %42 <00, 3, ||*a] = +c0. Since 3, (—1)**/, is an alternating series, we have
the following estimate

@ p+aq
(36) D (== > (=DM < (gl
i=p i=p
Hence
© =) 2 [ LJ i=1 2 [J
GD S| o) = 2| D (=)= > L] < Y P <
i=1]7=1 i=1]/=1 i=1 i=1

so x € L,. Moreover using (36) we obtain
| N N o 2
= 2 x"_z ot,,e,, z ane,, .
1 1 N+1
The last term clearly goes to 0 as N — co. The first term is equal to -

>

n=1

2
+

(38)

2 N
é leN_1|=NIN+1—>O (N—)@).

n=1

N ©

z (—1)r+1— Z (=1)r+1,

i=n i=n

Hence > x, converges to x in norm. Put now
t, = [log (log (i+2))]*

k=1
(39 = 0, Y = hei+ z (tis1—t)e;— tey, k22

i=1

)
y=the+ Z (tie1—t)e.
=1

Since
{4+ 1 d 1
Lyi—t = — X
(40) . dxlog(log (x+2))

= _ J;Hl [(x+2) log (x+2)(log (log (x+2)))?] ~* dx
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SO

1
|te—t] £ (i+2) Tog (i+2)[log (log (+2))P?

and hence y € L,. Moreover
1y=yil® S |t?+|tesr— 1l *+ Z [t =820  (k—o0)
i=k

$O y, converges in norm to y. We also note that |(x,, yx)| =0 for n>k, hence
> |(x4s )| <o for all k. However |(x,, y)| =/yt, and since

1
2 gD logtos i) =2 VEM

this shows that M need not be closed.
2. Next we give an example of a series > x, for which N=L,, or equivalently
M ={0}. Let {e,} be an orthonormal basis of L,. Define

“4n X = (=1)"*12-kp-le,,

Since ||x{||2=2"2*n"2 then 3, > |x||%2 < 0. It is also clear that 3, || x| =o0.
We can order {x%} into a single sequence {x,} such that > x, converges. We
proceed by induction as follows. Let x; =x{V, x,=x® and x;=x". Suppose we
have ordered all the elements x%, n+k <m, into a sequence X, Xs, ..., Xy such
that if x; corresponds to x®, x, corresponds to x¥*% then i<j. We put

— — -1 _ —j+1 _
42) xy41 = x{", Xy = XY, L Xy = XD, Xnem = X,

In this way we have ordered all the elements {x%} in such a way that if x, corre-
sponds to x¥ and x; corresponds to x{** then i<j. Hence for each k

1 —1)/*! 1
Z(x(’ek) = 72% = 271082 = V-

Put
1
(43) x = z % log 2¢;, = z Vil
k k

We have for any positive integer N

1

¥ 1 1
—_1)i+1 —_—
(“44) ,Zl( D kj 2k 1°32l = 7N

Let N be a positive integer and choose p to be the largest integer such that x{
is included among x;, x,, . . ., xy. Then by the construction of x;’s

N P P N N )
121 Xi—X z xi_lzyiei Z Xy — Z Ji€ Z Vi€
= 1

p+1 p+1l N+1

(45) < + +
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The last sum clearly goes to 0 as N — co. By (44) the first and the second sum are
each smaller than
1
p

which- goes to 0 as p — oo. Since p — o0 as N — oo we have shown that > x;
converges to x in norm. Let now y#0, y € Ly, y=2 b.e;.. Then

1
+pT2

ot

1

+ 1271

+--- 4

=S,

=

o
N —

1
p—1

46) Sl 2 D160 = D 2 = e

n

unless b, =0. Hence M ={0} and every function in L, can be obtained as a limit of
some rearrangement of > x;.
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